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The  v e l o c i t y  and t e m p e r a t u r e  d i s t r i b u t i o n s  in a v i s c o u s  i n c o m p r e s s i b l e  f luid flow in a two-  
dim ens iona l  d i f f u s e r  a r e  a n a l y z e d .  F u l l y  d e v e l o p e d  f low i s  c o n s i d e r e d ,  i . e . ,  the  in f luence  
of  the e n t r a n t  sec t ion  i s  d i s r e g a r d e d .  It i s  a s s u m e d  tha t  the  d i f f u s e r  w a l l s  a r e  m a i n t a i n e d  
at  a t e m p e r a t u r e  depend ing  on the p o l a r  r a d i u s .  The  d y n a m i c  v i s c o s i t y  i s  c o n s i d e r e d  to be 
an exponen t i a l  funct ion of the t e m p e r a t u r e .  The  p r o b l e m  i s  r e d u c e d  to the  so lu t ion  of a s y s -  
tem of o r d i n a r y  d i f f e r e n t i a l  equa t i on s ,  which i s  so lved  by the m e t h o d  of s u c c e s s i v e  a p p r o x i -  
m a t i o n s .  The  c o n v e r g e n c e  of the i t e r a t i v e  s c h e m e  i s  p r o v e d .  

1. C o n s i d e r  the  s teady  flow of a v i s c o u s  f luid in a t w o - d i m e n s i o n a l  d i v e r g e n t  channel  (d i f fuse r ) .  We 
a s s u m e  that  the v i s c o s i t y  coe f f i c i en t  and t e m p e r a t u r e  a r e  r e l a t e d  by the e x p r e s s i o n  

= i~oe-~T (1.1) 

in which /% i s  the v i s c o s i t y  at  z e r o  temperature and Z i s  a parameter depend ing  on the kind of  fluid and the 
t e m p e r a t u r e  i n t e r v a l .  

The  sy s t em of  flow equa t i ons  e x c l u s i v e  of i n e r t i a l  and d i s s i p a t i v e  t e r m s  h a s  the  fo rm [11 
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w h e r e  ~' i s  the  s t r e a m  funct ion and a i s  the cons tan t  coe f f i c i en t  of t h e r m a l  d i f fus iv i ty .  

We spec i fy  the  bounda ry  cond i t i ons  and cond i t ion  of cons t an t  v o l u m e t r i c  f low a c r o s s  any c r o s s  s e c -  
tion of the  d i f f u s e r  a s  fo l lows:  

~ ~162 ( ~) D , .  ~ = 0 ,~ = : t : - ~  

1 ~ - - > 0 ,  0Lp .-->0 ( r - . c ~ )  
r 0~ -57 

r, = - -  - - ~  (~; (r, O) ~ O) 

(1.3) 

Here  a i s  the a p e r t u r e  ang le  of the d i f f u s e r ,  and Q i s  the  v o l u m e t r i c  f low r a t e  of  the  f luid.  

Let  the  t e m p e r a t u r e  at  the  d i f f u s e r  w a l l s  be g iven  by the  funct ion 
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T = l(r)  = ~ rKr-~ (1.4) 
k = l  

w h e r e  T k a r e  known n u m b e r s .  

It i s  o b v i o u s  tha t  cond i t i ons  (1.4) a r e  i n a p p l i c a b l e  in the  v i c i n i t y  of  the  o r i g i n  (r  = 0) so that  the  f inal  
so lu t ion  wi l l  be m e a n i n g f u l  only  in the  n e i g h b o r h o o d  of  an i n f i n i t e l y  di  s tan t  poin t .  In o t h e r  w o r d s ,  the  in f lu -  
ence  of  the e n t r a n t  s e c t i o n  and t e m p e r a t u r e  c o n d i t i o n s  at  i t s  b o u n d a r y  i s  n e g l e c t e d .  

The  c o n t r o l l i n g  v a r i a b l e s  and p a r a m e t e r s  in the  p r o b l e m  a r e  r ,  go, (~, #0, Q, fl, f ( r ) ,  a ,  p, and el) (p 
i s  the d e n s i t y  of  the  f lu id ,  and Cp i s  the  s p e c i f i c  hea t  a t  cons t an t  p r e s s u r e ) ,  so tha t  the  d i m e n s i o n l e s s  s t r e a m  
func t ion  g / Q  m u s t  d e p e n d  on d i m e n s i o n l e s s  c o m b i n a t i o n s  of  the a b o v e - n a m e d  independen t  v a r i a b l e s  and 
p a r a m e t e r  s: 

~2/Q = F(q~, a, ~/(r), P, R, H) (1.5) 
( P = [ Q I / a ,  R=lQIp /~ ta  , lt=aVtoQO-/apcpJr o-) 

w h e r e  P i s  the P 6 c l e t  n u m b e r ,  R i s  the  R e y n o l d s  n u m b e r ,  and H i s  a p a r a m e t e r  c h a r a c t e r i z i n g  d i s s i p a t i o n  
e f f e c t s .  

If the i n e r t i a  and d i s s i p a t i o n  of  the f low a r e  s m a l l  (R << 1, H << 1), 

~2 / O = F ([31 (r), (p, a ,  P) (1.6) 

I t  f o l l ows  f rom (1.6) tha t  0F/a # 0 and,  t h e r e f o r e ,  the  r a d i a l  d i r e c t i o n s  in the  d i f f u s e r  a r e  not s t r e a m -  
l i n e s ,  w h e r e a s  fo r  # = cons t  (fl = 0) the  f low i s  e v e r y w h e r e  r a d i a l .  

If  e n e r g y  d i s s i p a t i o n  i s  t aken  into aeeoun t  and the wa l l  t e m p e r a t u r e  i s  a s s u m e d  to be cons t an t ,  the 
v a r i a b l e  r e n t e r s  into the  p a r a m e t e r  H, and the  r a d i a l i t y  of  the  flow i s  v i o l a t e d .  F o r  c o n s t a n t  v i s c o u s  
p r o p e r t i e s  i t  i s  i m p o s s i b l e  to form d i m e n s i o n l e s s  c r i t e r i a  con ta in ing  r in n o n z e r o  p o w e r s .  F o r  ~ = cons t  
an e x a c t  so lu t ion  of  the  e n e r g y  equa t ion  h a s  been  ob t a ined  in [2, 3]. 

We seek  the so lu t ion  of  Eqs. (1.2) in  the  s e r i e s  f o rm  

, (r, q~) = ~ a~ (T) r-h, T (r, ~ ) - -  ~ b e (q~) r -~ (1.7) 
k~O k~O 

Subs t i tu t ing  (1.7) into (1.2) and equa t ing  c o e f f i c i e n t s  of  l i ke  p o w e r s  of  r ,  we ob t a in  the  s y s t e m  of 
o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  

ak TM + (2k 2 + 4k 4- 4) a~" + k 2 (k + 2) 2 a~ = 

= F~ (a0, a l , . . . ,  a~-l, b0, b l , . . . ,  b~) 

! cos 2~ -- cos 

Fk (q~) = ~2 ~ ~, {b'~_( . . . .  )b,,' (m (m - t  2) am --  am") - -  
n~-o r n ~ 0  

- - ( k~( rn  ~-n)) b~-(m+n) [4 (mq- 1) bn'a m' - /nb~(m(m -~- 2) a,~ - -  am')]} 2_ 
~" (1.8) 

q- ~ ~ {(k --  n) (2n q- 3) an"ba._n -t- 4 (k -- n) (n q- t) b~_n'a n' q- 
~ 0  

q- (k - -  n) 2n (n -}- 2) (2n .4- 1) b~._,~a n + (2n 2 ~- 4n ~- 4) b~_n'a n' - -  

- -  b~-n" [ n ( n  -+- 2 ) a ~  - -  a,~"l + ( k  - -  n ) ( k  - - n  4.- 1) X 

• bk-,~ [n(n -}- 2)ar~ - -  an"] -[- 2b~-rLa. ~'} 

k 

Wh" (q)) '" ~ {--  nanb~_,( Jr- (k --  n) an'be_,~} 
n=D 

w h e r e  m + n-< k. 

I t  w a s  a s s u m e d  in the  d e r i v a t i o n  of  Eqs .  (1.8) tha t  

Q (sin 2q~ . - -  2q) cos ~) 
a~ = - -  2(sin~--  ~ cos a) b 0 ((p) _---- 0 (1.9) 
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Equat ions  (1.9) d e s c r i b e  a slow i s o t h e r m a l  flow of  a v i s c o u s  fluid, r e p r e s e n t i n g  the ze ro th  a p p r o x i m a -  
t ion of the or ig ina l  problem [4]. 

With a l lowance for  (1.7), condit ions (1.3) and (1.4) a s s u m e  the fo rm 

a~(+_ ai2) = 0, 

a~.' ( •  ( t i2)  = 0 ,  

b~,(~__ a /2)  = T~ (k:= t, 2, 3.. .)  

ao((~;2) - - -  Q /2  (~ - o, t ,  2 . . .  ) 
(1.10) 

We have thus  reduced  the p rob lem to the in tegra t ion  of inhomogeneous  l inea r  equat ions ,  one of which 
has constant  coeff ic ients ,  while the o the r  is a Mathieu equat ion [5]. 

Using the Lag range  method  [6], we wr i te  the gene ra l  solut ionof the sys tem (1.8) in quad ra tu r e  s: 

a~. ((~) ~ Ak sin k~) ~- B h. sin (k -~- 2) q~ 

" ' (1.11) 0 0 

, 
o 0 

Here  sin k~o, sin (k+ 2) q~, cos  kq,, cos  (k+ 2) q~ is  the fundamenta l  sys tem of  solut ions  of the f i r s t  of  
Eqs .  (1.8) without  the r igh t -hand  side, Y~k (qo), Y~k (q~) a re  the even and odd solut ions  of the Mathieu equa-  
t ion 

.~. ~. . 

V~.(tp) = k+2t !,l cos (k -i 2) ~; t F~ si,~(k -!- 2) 0 dJ i- si,, (l~ + 2) ~ 1 F~ cos (k + 2) 0 d91i 
o 0 

Fk(O, ~k (~o) a r e  the r i gh t -hand  s ides  of  the sys tem (1.8), A k, B k, and D k a re  cons t an t s  d e t e r m i n e d  f rom 
condi t ions  (1.10), and c 2 = Ylk (0)y2 k '  (0) -Y2 k (0) Ylk' (0) is  the fundamenta l  identi ty.  

If the boundary  condi t ions  (1.4) a re  r e p r e s e n t e d  in the form 

T ( r , ' -  a / 2 )  - T~ r -~" (1.12) 

w h e r e  k i s  a l a rge  number ,  c o r r e s p o n d i n g  to a rap id  va r i a t ion  of  the d i f fuse r  wall t e m p e r a t u r e ,  o r  if  the 
fluid flow is  ana lyzed  for  ~na l l  P,  then for  the solution of the Mathieu equat ion we can invoke the a s y m p t o -  
t ic e x p r e s s i o n s  

co 

y,~ (r = ~ (-- t) i Ii (hk) cos (m~ "5 --  20 q) 

Y2~(q)) = ~ (-- t ) i l i ( h ~ ) s i n ( m ~  s -  2i)~ 
�9 i = - ~  ( 1 . 1 3 )  

m~ = k ~ kP  cos' ,  kP h~ - q~,,'2m~ 5 
s i n ~ - - ~ c o s a '  q ~  - -  s i a ~  - - a c o s ~ '  

in which Ii(h k) a r e  Bes se l  funct ions .  

The  c r i t e r i o n  for  the appl icabi l i ty  of Eqs .  (1.13) i s  the quanti ty m k >3 qk" Rela t ion  (1.13) is  well suited 
to the ca lcula t ion  of  the h igher  approx ima t ions .  It fo l lows f rom the fo rm of the boundary  condi t ions  (1.12) 
that  the f i r s t  nonze ro  approx ima t ion  for  the second of  Eqs.  (1.8) is  the function 

Tk (1.14) b~ (~) = ~ y,~ (~) 

To find the function ak(~) we need to d e t e r m i n e  the in tegra l  of the equat ion 

a~ v -i-' (2k 2 + 4~- : - '  4) a~" @ k 2 (k + 2) eak = (1.15) 
= ~ [(2k --  k 2) a o b k  ~ 4 (k  . -  l) ao'b~,' @ b~['a~" @ 2 b k ' a o ' ]  

Substituting (1.14) and (1.9) into the r i gh t -hand  side of  (1.15), we obtain 
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a~ ~v" H- (2k ~ -? 4k -~- 4)a~" +- k=(k -~- 2)~a~ = K ~] (--l)~/~(h~) • 
i~-oo 

• [Ai sin (m~','-" - -  2t + 2) q~ -~ B i sin (m~'/, - -  2t - -  2) q) -4- 
"-  C~ sin (m~/' - -  2 0 q)l 

(A i = 1 --  (m~ V~- 2l -- k -b t):, B i = t --  (m~'.; - -  2i + k --  t) ~, 

C i . . . .  4(k 4- t) ' '  ~Tt~Q I (m~:. --2i)  cos% K -y l~(cc /2) (s inz t_~cosu)  / 

(1.16) 

I t  i s  i m p o r t a n t  to  no te  t h a t  I i (h  k) a r e  r a p i d l y  d e c a y i n g  f u n c t i o n s  a s  i ~  r162 and  o n l y  a f ew  t e r m s  need  
to be  r e t a i n e d  f o r  s p e c i f i c  c a l c u l a t i o n s .  

We c a l c u l a t e  the  g e n e r a l  s o l u t i o n  of  Eq.  (1.16) by the  m e t h o d  of  i n d e t e r m i n a t e  c o e f f i c i e n t s :  

~Q 

a~ (~) = A~ sin kr + B~ sin (k H- 2) (p -~- K ~ ( - -  i)  i l i  (h~) [hi 1 sin (ink'/, - -  '2~" '-- 2) (p 

'.-- Ai2 sin (m~ '/, - -  2i - -  2) q) -r AiS sin (m~', _ 2i) q~] 

"|i B i C i (3~ - ,. , ) 
L (m~ .' - -  2t -1- 2) Ai~" .... ' L (m~',' - -  2i  - -  2) AtS = L (rn~'," - -  2i) 

(1.17) 

w h e r e  L(p) i s  the  v a l u e  of  the  c h a r a c t e r i s t i c  e q u a t i o n  (1.16) at  the  p o i n t  p ,  

A h. ~ - - [  

B~ = - -  I 

t = sin (k 

r  sin(k + 2)a /2  [ 
q)' ((~ / 2) k cos ka / 2 (k + 2) cos (k -t- 2) ct / 2 t-1 

sin ka / 2 (1) (a / 2) sin (k -4- 2) a / 2 t - l  

kcoska /2  q)'(a/2)(k-}- 2)cos(k + 2)a /2  

~- 1 ) a -  (k H- i )  s i n a  

and ~s(a/2) and 6 ' (cr /2)  a r e  the  v a l u e s  of the  p a r t i c u l a r  s o l u t i o n  and i t s  d e r i v a t i v e  a t  t he  d i f f u s e r  w a l l .  

The  p r o b l e m  i s  not  s o l v a b l e  fo r  a l l  v a l u e s  of  t h e  d i f f u s e r  a n g l e ;  r a t h e r  i t  i s  s o l v a b l e  o n l y  f o r  the  
v a l u e s  d e t e r m i n e d  by  the  i n e q u a l i t i e s  ~ < 2 . 5 4 5 ,  Y~k (a/2) ~ 0. 

We now d e t e r m i n e  the  s t r u c t u r e  of  the  f low.  To s i m p l i f y  the  c a l c u l a t i o n s  we a s s u m e  t h a t  q u a l i t a t i v e  
i n f o r m a t i o n  a b o u t  the  b e h a v i o r  o f  a s t r e a m l i n e  i s  a f f o r d e d  by  the  p r i n c i p a l  t e r m  of  the  e x p a n s i o n s  of  Eq.  
(1.13) in  p o w e r s  of  the  p a r a m e t e r  P.  We a s s u m e  t h a t  the  w a l l  t e m p e r a t u r e  i s  e q u a l  to T l r  -1.  I t  m u s t  t h e n  
be  a s s u m e d  in r e l a t i o n s  (1.16) t h a t  

k=- t l  A o : = B o = 0 ,  C o = - - S c o s a  

I o ( 0 )  = t ,  I i ( 0 ) = 0  ( i ~ t ) ,  K = (1.18) 

We s o l v e  Eq.  (1.16), t a k i n g  t l . 9 ) ,  (1 .10) ,  and (1.18) in to  a c c o u n t :  

al(~c) = A l s i n q ) - f -  B I s i n  3~0--  K c o s a ( q )  cos~?) / 2  

w h e r e  t he  c o n s t a n t s  A~ and B 1 a r e  d e t e r m i n e d  f r o m  the  b o u n d a r y  c o n d i t i o n s  t l . 10 ) :  

(1.19) 

A~ = K c tg  a[(. sin a - - c 0  (2cos :t 8 ~ a~-- D" i "  1 )+  2:t siq"- ct ] 

C u - - s i n  ~ 
B~ = K ctg a L; (co--C5~=_ ~1 ] 

If  we c o n s i d e r  the  d i f f u s e r  a n g l e  to be  ~ n a l l ,  the  f u n c t i o n s  (1.9) and  (1.19) can  be e x p a n d e d  in p o w e r  
s e r i e s  in c~ and ~ ,  w h e r e u p o n  we  o b t a i n  f o r  the  s t r e a m  f u n c t i o n  and the  r a d i a l  v e l o c i t y  c o m p o n e n t  

~ (r, q;) 3 Q /a2 '~ ) t ~'I"~Q 

2~ua  , 1 37"1Q ((~l _ _  24(;t2.p2 , 80q?-t) v~(r, q~) = (a2 - -  4q~2) : ,'~ 80=:' T 
tl.20) 
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Analyzing the rad ia l  ve loc i ty  d i s t r ibu t ion ,  we see that  fo r  T~ > 0 (walls co lder  than the fluid) the ve lo -  
ci ty i n c r e a s e s  on the d i f fuse r  axis ,  while in the vic ini ty  of the wa l l s  it is  l ower  than for  i s o t h e r m a l  flow. 
F o r  T~ < 0 the ve loc i ty  prof i le  i s  m o r e  un i fo rmly  d i s t r ibu ted  over  the d i f fuse r  c r o s s  sect ion.  

Using (1.20) and following Slezkin [7], we r e p r e s e n t  the s t r eam function in the form 

~p (r, (p) -. - -  ~., (~) - -  Tx~.~ (q+) I 

~'~ (~) = ~2 - ~  ~ - -  ~g ~ % 

x~(~)>o,  x,(~)>~o for  

r 

~,~ @) = ~ (4~ ~ - a~)2,p 

O ~ a 1 2  

(1.21) 

We cons ider  the case  T I > 0. I na smuch  a s  we a re  inves t iga t ing  the behav ior  of  the s t r e a m l i n e s  for  
l a r g e  r ,  it i s  logica l  to suppose fo r  d ive rgen t  flow that  ~(r, qd < 0. Equat ion (1.21) impl i e s  

r = --  T~2 (q)) / (~P (r, (p) -t- ~ (~)) (1.221 

F o r  the quantity r given by Eq. (1.22) to be posi t ive ,  the value of ~v m u s t  lie in the in terva l  0 -  q~-< (p~, 
where  ~v 1 sati sfie s the equation 

~p (r, %) + ~.1 (qh) = 0 (1.23) 

The s t r e a m l i n e s  r = const  in th is  case  a re  si tuated c l o s e r  to the d i f fuse r  axis ,  being convex r e l a t ive  
to it. 

If Tj < 0, the quanti ty q~ m u s t  va ry  in the in te rva l  q~w- < ~p-< a/2, and the t r a j e c t o r i e s  of the fluid p a r t i c l e s ,  
on en te r ing  the d i f fuse r  f rom infinity,  b e c o m e  def lec ted  toward  the d i f fuser  wal ls ,  being concave  r e l a t i ve  
to the line (1.23). 

If we a s s u m e  that thc d i f fuse r  wall t e m p e r a t u r e  is  cons tant  but d i f fe ren t  at d i f fe ren t  walls:  

T ( r , ~ a / 2 ) - =  To, T ( r , - - a / 2 ) =  'Jl 

we obtain the following equat ion for  the rad ia l  veloci ty:  

z"-- ~( T,,-- T, /z '-4-4z = e x p  ,3 !, T.--  T, ),p (1.24) 
�9 ~ ] \ u 

in which z(qd --:- Vrr.  The gene ra l  solution of (1.24) has  the fo rm 

z (r = e o.s~ ( A l e ~  -[- Ble-o,~) -~ 0.25DleS~ (8 = .3 (7'0-- Td / ~) 

where  w = (0.25 52-4)1/2 is  in gene ra l  a complex  quanti ty.  

The cons tan t s  Al,Bl, and C 1 a r e  evaluated  f rom the condi t ions  

+:~/2 

z ( ~ a / 2 )  = 0, I z ( ( ~ ) d T = Q  
- - ~ / 2  

2. We inves t iga te  the conve rgence  of the s u c c e s s i v e - a p p r o x i m a t i o n  scheme ,  us ing  the same  method 
of  p roof  as  in [7]. 

We e s t ima te  the modul i  of  the p a r t i c u l a r  solution of the f i r s t  equat ion of the s y s t e m  (1.8) and i t s  
f i r s t  th ree  de r iva t i ve s .  We have f rom ~1.11) 

= ( -  oosk iv si,lk0 0 si, ,  lv co k0 0; 
0 0 

' i ~ 1) ~I'~;(~) = k-t-2 \-- cos (k -i- 2) q) F~siu(k ~-2)0d0-~sia(k-!-2)(pIFt~cos(k~, 2) O dO 
(2.1) 

We in t roduce  the notat ion 

m a x [  V ~ [ ~ M R ,  maxl  Vh' I ~  N, ,  m a x [ F h l ~  Rh (2.2) 

The ex i s t ence  of  the n u m b e r s  M k, N k, and R k i s  i n f e r r e d  f rom the fact  that  the inves t iga ted  funct ions  
a r e  cont inuous  on a c losed in te rva l .  Using re l a t ion  (2.2) and comput ing  the def ini te  i n t eg ra l s ,  we obtain the 
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u p p e r  bounds  

I / ,  I ~< M~ I I - -  cos k~ I /k~, Ih"  I ~< Ma I cos kq~ I 
I h '  1 ~< M~ I sin kr / k, I/~"' I ~< Mt~k I sin k(p I k + N~ (2.3) 

Ana logous ly ,  we have  

] V~I-<~R~It - -  cos (k -t- 2) q)l / (k + 2)~,[ V~' ] ~<~. R~i sin (k -4- 2) ( p [ / ( k  3- 2) (2.4) 

C l e a r l y ,  we can use  the fol lowing e x p r e s s i o n s  in the ro l e  of  M k and Nk: 

M~ = 2R~ / (k + 2) ~, N~ = R~ / (k 3- 2) (2.5) 

Consequen t ly ,  taking (2.5) into account ,  we obta in  the f inal  i nequa l i t i e s  fo r  the  p a r t i c u l a r  solut ion and 
it s f i r  st t h r e e  d e r i v a t i v e  s: 

1 Y~ I ~< 2R~ I ~ - cos km I / ~2 (k + 2) ~ 
!h' I <~ 2Rt: ] sin kq) I / k (k 3- 2) ~ 
I ]+" I ~< 2 ~  I cos km I / (k + 2) 2 

I / ~"' I ~</r [2kl sin kq~ [ / (k 3- 2) z -4- t / (k -4- 2)] 
(2.6) 

Next we e s t i m a t e  the comple t e  solut ion and i t s  d e r i v a t i v e s .  Tak ing  Condi t ions  (1.10) into account ,  we 
obta in  for  the s t r e a m  funct ion in the k - th  a p p r o x i m a t i o n  

ah. (~) = It, (q~) + l~ (a / 2) X~ (r r -4- lk' (a / 2) X2~ (a, r 

sinkq~ siu(k-~- 2)9 t -t 
XI~ - kcos (ka  /2)  (k 3- 2)cos l(k -~- 2)a / 2] 

si~l(k-~- 2)T siakqD t 1 
) ~  = sin [(k --  2 )a /2 ]  s i n ( k a / 2 )  - 

We in t roduce  the funct ion 

(2.7) 

I q;a I - 2 I t - cos kq; I -t- 2 I t --  cos (ka / 2) l >< Z ,~ (a, m) -t- 2k I sin (ka,'2) I Z,.,h (a, m) (2.8) 

With the help  of (2.8) we obtain  the fol lowing i nequa l i t i e s  for  the uppe r  bounds  of  the comple t e  so lu-  
t ion and i t s  f i r s t  t h r e e  d e r i v a t i v e s  

l a , : ] ~ < R ~ l ~ , , i / k 2 ( k - ' - 2 )  2, la~"l~<tPk[%"l l  k ~ ( k + 2 )  2 

In~ ' I ~ Ir r k2 (k -4- 2) 2, lak'" I ~< Rh [ I 'Vk'"l / k 2 -4- k -4- 2] / (k § 2) 2 

Us ing  (2.9), we obta in  

(2.9) 

k (k -4- 2) [ ak I ~ Ra I 0;.1+ L, 'k  (k ~.+ 2) 

4 (k + 1) l a~' f ~< 4 (k + t) H,  I 'V'~ I / k2 (k + 2)2 

( 2 k + 3 ) ] a , + "  I<~ ( 2 k ~ - 3 )  R~ Iq~h"l / k ~ ( k + 2 )  2 

2 k ( k 3 -  2) (2k  3- l ) ] a k [ ~ < 2 ( 2 k +  t) R h ] c p ~ l / k ( k +  2) 

(2 k-" + 4 k + 4) / I a~' 1~<(2 k~ + 4 k + 4) R~ I (~ '  l/k2 (k + t) ~ 

(2.10) 

The  f a c t o r s  m u l t i p l y i n g  R k on the r i g h t - h a n d  s ide s  of i nequa l i t i e s  (2.9) and (2.10) a r e  bounded func-  
t i ons  fo r  k = 1, 2, 3 . . . . .  Denot ing by h the m a x i m u m  n u m b e r  bounding those  func t ions ,  we have  

ra,,'l<~ u,,, la , ," l~<v~,  la~'l<~ V~ l a~ ' l  ~Vh.,Uh=hR~ (2.11) 
The  l e f t -hand  s ide s  of inequa l i t i e s  (2.10) a r e  a l so  l e s s  than the n u m b e r  U k in t roduced  above.  

Next we e s t i m a t e  the solut ion of the second equa t ion  of the s y s t e m  (1.8). We have  on the b a s i s  of  the 
bounda ry  condi t ions  (1.10) 

b h. (tp) = . Th" - -  11~ (:~ / 2) 
+],. (:~ : 21 u,,(qo)-4-- / th.(q~) 
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(p q~ 

0 0 

(2.12) 

Making use of the asymptotic express ions  (1.13), we readily verify that c 2 and k attain the same order  
of magnitude as k - -  ~. We then let 

max I %  (,e) I < H~ 

Now 

I I R  ylkly2kd0 ~- g2~ f g2RdO ] 
u o 

0 o 

(2.13) 

Taking inequalities (2.13) into account, we obtain the following bounds for the complete solution of 
the second equation (1.8): 

H~: / u ;, I) ] b ~ ' ] ~  I T,I [g'~'((~)l 4- ~---~- .,. i lg,J(~)l  g ~  -;-Ig~J(w) 
I :x 

Ib~'l ~1T~[ [gta'(q~)I F HKac.,. x'(lgx~"((P)[] g''~-Z 4-I ge,:'(q~) I} 

0 0 

According to inequalities ( 2 . 1 4 ) ,  we have 

kCk-'r't)lba((P)l~k(k+t)l?'h:[ Igtr 4- k(k+t)H~ (Igl~.l Igor(=/2)[ b lg~ ' l )  
~2r 2 

(2.14) 

The fac tors  multiplying [T k [ in inequalities (2.14) are  bounded functions, because k a s sumes  finitely 
many values. The fac tors  multiplying H k are  also bounded for all values of k, so that, denoting by d a num- 
ber  g rea te r  than the maximum of the indicated functions, we ar r ive  at the inequalities 

k (k  --}- l)] bk l~  (I T~I + H~ / a)d = Oh 
I~,,'1<0~, Ib: l<0~  

(2.15) 

We form the ser ies  

v = 2 u : ,  o = ~, o :  (, = . , / , )  
k ~ 0  k ~ 0  

(2.16) 

If these se r ies  converge in the vicinity of  the zero  point, the ser ies  (1.7) will converge uniformly by 
virtue of inequalities (2.11) and (2.15). The following holds for the general  term s of the ser ies  (2.16): 

k k 

n - ~ o  m ~ 0  n ~ @  

k 
2d 

(2.17) 

Equations (2.7) are readi ly deduced by est imating the moduli of the functions F k and ~k' determining 
the numbers  R k and H k, and taking inequalities (2.11) and (2.15) into account at the san~ time. 
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Replacing the genera l  t e r m  of the s e r i e s  (2.16) by exp re s s ions  (2.17), we obtain the r e l a t ions  

U =  U0+5{32hU02- f -9~h  U0,  0 = 2 d a - ' ( U - - U 0 )  0-4-dT(s) 

Here  T(s) is  a ra t ional  function of s by condition (1.4). 

Denoting by W= U0 the product  of the s e r i e s  (2.16) and ca r ry ing  out e l e m e n t a r y  t r ans fo rma t ions ,  we 
obtain 

+ 9~hmT(s) + 2mUo a 1) iV ~ mUoT (s) = 0 (m = da (a -{- 2 d  Cro) -l} 
(2.18) 

It follows f rom Eq. (2.18) that the function W(s) is  a lgebra ic  and the re fo re  has  a nonzero rad ius  of 
convergence  in the vicini ty of  s = 0. The rad ius  of convergence  is  de te rmined  by the d is tance  to the nea re s t  
s ingular  point of the function W(s). The convergence  of W(s) impl i e s  the convergence  of the s e r i e s  (2.16). 

The author is  indebted to L.A. Galin and N. N. Gvozdkov for  a s s i s t ance  with the study. 
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